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Ingredient	  1:	  	  	  Love	  numbers

Tidal	  deforma2ons	  are	  included	  in	  the	  PN	  framework	  through	  the	  
Love	  numbers	  theory,	  based	  on	  adiaba2c	  approxima2on	  

Qij = �2Cij
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Tidal	  deforma2ons	  are	  included	  in	  the	  PN	  framework	  through	  the	  
Love	  numbers	  theory,	  based	  on	  adiaba2c	  approxima2on	  

Qij = �2Cij

is	  the	  4dal	  deformability,	  related	  to	  the	  dimensionless	  Love	  number	  	  �2 k2

Computed	  by	  GR	  perturba4on	  theory

EoS
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Depends	  only	  on	  the	  NS	  compactness C = MNS/RNS



The	  gravita4onal	  signal
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The	  exterior	  NS	  proper4es	  depend	  on	  the	  interior	  structure,	  i.e.	  on	  the	  
equa4on	  of	  state

How	  fast	  the	  star	  can	  spin I

How	  much	  the	  star	  can	  be	  deformed Q , �

E-‐M	  and	  GW	  observa4ons	  are	  not	  enough	  accurate	  to	  select	  between	  different	  EOS

Degeneracies	  in	  the	  extrac4on	  of	  NS	  parameters

Spins	  and	  quadrupole	  moment	  in	  the	  GW	  phase

Correla4ons	  between	  EOS	  and	  modified	  gravity	  correc4ons,	  prevent	  robust	  
	  	  	  	  	  	  	  	  GR	  test	  which	  are	  internal	  structure	  independent

Ingredient	  2:	   I �ove Q (forever)
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FIG. 1: (Top Left and Right) Universal I-Love and Q-Love relations for various EoSs, together with fitting curves (solid curves).
On the top axis, we show the corresponding NS mass M with an APR EoS. (Bottom Left and Right) Fractional errors between
the fitting curve and numerical results.

the tidal Love number and Eij is the quadrupole (grav-
itoelectric) tidal tensor that characterizes the source of
the perturbation [10, 14, 20, 21]. Let us introduce the di-
mensionless tidal Love number λ̄(tid) = λ(tid)/M5, which
physically characterizes the tidal deformability of a NS in
the presence of its companion’s tidal field. λ̄(tid) can also
be calculated by treating the tidal effect of the compan-
ion star as the perturbation to the isolated (non-rotating)
NS solution [20, 21].
We here derive universal relations between Ī, Q̄

and λ̄(tid) that are essentially insensitive to the EoS.
We consider 4 different realistic EoSs: APR [22],
SLy [23], Lattimer-Swesty with nuclear incompressibil-
ity of 220MeV (LS220) [24, 25] and Shen [25–27]. For
the latter two, we adopt a temperature of 0.01MeV and
an electron fraction of 30%. We also consider a simple
n = 1 polytropic EoS, with p = Kρ1+1/n. We assume
the NS is uniformly and slowly-rotating, with isotropic
pressure.
The top panels of Fig. 1 present the I-Love and Q-Love

relations for various EoSs. Observe that these relations
hold universally, essentially independently of the EoSs.
Such relations can be fitted with a polynomial on a log-
log scale [20], shown here with solid black curves. The
bottom panels of this figure show the fractional errors
between the fitted curves and the numerical results. A
similar universal relation holds between Ī and Q̄ [20].
The I-Love-Q relations hold mainly for two reasons.

One of them is that these quantities depend the most
on the NS internal structure only near their crust, where
our ignorance of nuclear physics is minimal and realis-
tic EoSs agree. We verified this explicitly by computing
the I-Love-Q relations for NSs with n = 2, 2.5 and 3
polytropic EoSs, finding that indeed the I-Love-Q curves
begin to deviate away from those shown in Fig. 1 as one
increases n. The other reason is related to the effacement

principle [16, 17, 28], a consequence of the no-hair and
strong equivalence principles. This principle says that
the motion of a body and its gravitational field depend
less and less on its internal structure as the compactness
of the body, the ratio of its mass to its radius, increases.
For NSs, the compactness is large enough (of order a
tenth) that any possible EoS variability in the I-Love-Q
relations mostly effaces away. We verified this explic-
itly by computing the I-Love-Q relations for NSs in a
modified gravity theory where the effacement principle
is violated, finding that indeed the universal relations do
not hold then.
Application to Observational Astrophysics. Millisecond

binary pulsars have the potential to measure I with 10%
accuracy in the near future [8, 9]. The moment of inertia
may be measurable because it induces additional preces-
sion of the periastron, as well as precession of the angular
momentum vector and the NS spin vectors.
Given an observational measurement of the moment of

inertia to 10%, the I-Love-Q relations automatically pro-
vide a secondary measurement of the tidal Love number
and of the quadrupole moment to roughly the same ac-
curacy. Notice, however, that the tidal Love number and
the quadrupole moment would not be easily directly ob-
servable with millisecond binary pulsars. Although they
do induce additional precession, their effect is suppressed
relative to that of the moment of inertia, by various pow-
ers of the binary’s orbital velocity to the speed of light.
Application to GW Astrophysics. Interferometric GW

detectors are most sensitive to the GW phase of the sig-
nal. For waves emitted during NS binary inspirals, the
GW phase contains a term proportional to the NS’s spin-
induced quadrupole moment, Q1 and Q2, and another
term proportional to its tidally-induced quadrupolar de-

formation λ(tid)
1 and λ(tid)

2 . The former enters with a
factor proportional to v4/c4 [29], while the latter en-

Degeneracies	  can	  be	  broken	  by	  the	  I-‐Love-‐Q	  universal	  rela4ons
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FIG. 1: (Top Left and Right) Universal I-Love and Q-Love relations for various EoSs, together with fitting curves (solid curves).
On the top axis, we show the corresponding NS mass M with an APR EoS. (Bottom Left and Right) Fractional errors between
the fitting curve and numerical results.

the tidal Love number and Eij is the quadrupole (grav-
itoelectric) tidal tensor that characterizes the source of
the perturbation [10, 14, 20, 21]. Let us introduce the di-
mensionless tidal Love number λ̄(tid) = λ(tid)/M5, which
physically characterizes the tidal deformability of a NS in
the presence of its companion’s tidal field. λ̄(tid) can also
be calculated by treating the tidal effect of the compan-
ion star as the perturbation to the isolated (non-rotating)
NS solution [20, 21].
We here derive universal relations between Ī, Q̄

and λ̄(tid) that are essentially insensitive to the EoS.
We consider 4 different realistic EoSs: APR [22],
SLy [23], Lattimer-Swesty with nuclear incompressibil-
ity of 220MeV (LS220) [24, 25] and Shen [25–27]. For
the latter two, we adopt a temperature of 0.01MeV and
an electron fraction of 30%. We also consider a simple
n = 1 polytropic EoS, with p = Kρ1+1/n. We assume
the NS is uniformly and slowly-rotating, with isotropic
pressure.
The top panels of Fig. 1 present the I-Love and Q-Love

relations for various EoSs. Observe that these relations
hold universally, essentially independently of the EoSs.
Such relations can be fitted with a polynomial on a log-
log scale [20], shown here with solid black curves. The
bottom panels of this figure show the fractional errors
between the fitted curves and the numerical results. A
similar universal relation holds between Ī and Q̄ [20].
The I-Love-Q relations hold mainly for two reasons.

One of them is that these quantities depend the most
on the NS internal structure only near their crust, where
our ignorance of nuclear physics is minimal and realis-
tic EoSs agree. We verified this explicitly by computing
the I-Love-Q relations for NSs with n = 2, 2.5 and 3
polytropic EoSs, finding that indeed the I-Love-Q curves
begin to deviate away from those shown in Fig. 1 as one
increases n. The other reason is related to the effacement

principle [16, 17, 28], a consequence of the no-hair and
strong equivalence principles. This principle says that
the motion of a body and its gravitational field depend
less and less on its internal structure as the compactness
of the body, the ratio of its mass to its radius, increases.
For NSs, the compactness is large enough (of order a
tenth) that any possible EoS variability in the I-Love-Q
relations mostly effaces away. We verified this explic-
itly by computing the I-Love-Q relations for NSs in a
modified gravity theory where the effacement principle
is violated, finding that indeed the universal relations do
not hold then.
Application to Observational Astrophysics. Millisecond

binary pulsars have the potential to measure I with 10%
accuracy in the near future [8, 9]. The moment of inertia
may be measurable because it induces additional preces-
sion of the periastron, as well as precession of the angular
momentum vector and the NS spin vectors.
Given an observational measurement of the moment of

inertia to 10%, the I-Love-Q relations automatically pro-
vide a secondary measurement of the tidal Love number
and of the quadrupole moment to roughly the same ac-
curacy. Notice, however, that the tidal Love number and
the quadrupole moment would not be easily directly ob-
servable with millisecond binary pulsars. Although they
do induce additional precession, their effect is suppressed
relative to that of the moment of inertia, by various pow-
ers of the binary’s orbital velocity to the speed of light.
Application to GW Astrophysics. Interferometric GW

detectors are most sensitive to the GW phase of the sig-
nal. For waves emitted during NS binary inspirals, the
GW phase contains a term proportional to the NS’s spin-
induced quadrupole moment, Q1 and Q2, and another
term proportional to its tidally-induced quadrupolar de-

formation λ(tid)
1 and λ(tid)

2 . The former enters with a
factor proportional to v4/c4 [29], while the latter en-

K.Yagi,	  N.Yunes,	  Science	  341,	  6144	  (2013)
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We	  find	  a	  new	  rela4on	  between	  	  	  	  	  	  and	  the	  NS	  compactness�̄
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Tidal	  disrup2on	  at	  fcut
NS	  is	  swallowed	  

by	  the	  BH
+	  disk	  mass

Tidal	  disrup2on	  imprints	  on	  gravita2onal	  wave	  signals

Ingredient	  3:	  	  	  4dal	  cut-‐off

Kyutoku	  et	  al.,	  PRD	  84,	  064018	  (2011)



Ingredient	  3:	  	  	  4dal	  cut-‐off
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We	  modify	  the	  PN	  template	  to	  reproduce	  the	  4dal	  disrup4on

⇥(f, fcut) = e�↵(f/fcut�1)

ln(mfcut) = (3.87± 0.12) ln C
+ (4.03± 0.22)
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The	  strategies

We	  assume	  the	  set	  of	  unknown	  parameters	   ✓ = (tc,�c, lnM, ln ⌫,�, fcut)

We	  use	  the	  fit	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  to	  compute	  the	  error	  fcut(C) �Ccut

We	  employ	  the	  universal	  rela4on	  	  	  	  	  	  	  	  	  	  	  	  and	  es4mate �C�C(�)

We	  combine	  the	  two	  informa4on	  to	  get	  a	  weighted	  mean	  of	  	  	  	  	  	  and	  C �C

We	  express	  all	  the	  informa4on	  on	  the	  EOS	  in	  one	  parameter,	  �

We use the two semi-analytical fits to compute a 5 x 5 Fisher matrix 

for the parameters ✓ = (tc,�c, lnM, ln ⌫,�)

A.Maselli.	  L.GualEeri	  and	  V.Ferrari,	  ArXiv:	  1310.5381	  (2013)



Results:	  strategy	  I

model �ln �̃ (%) �ln fcut(%)
2H 100 120 1.3 3.6
2H 500 120 6.0 14
2H 1000 120 10 22
2H 2000 120 15 27
2H 100 135 1.5 6.6
2H 500 135 6.7 26
2H 1000 135 11 40
2H 2000 135 17 49

model �ln Ccut(%) �ln C�(%) �ln C(%)
2H 100 120 8.8 3.0 2.9
2H 500 120 9.5 3.2 3.0
2H 1000 120 10 3.5 3.3
2H 2000 120 11 4.1 3.9
2H 100 135 8.7 3.0 2.8
2H 500 120 11 3.2 3.1
2H 1000 120 13 3.6 3.5
2H 2000 120 15 4.1 4.0

	  	  	  	  	  	  	  	  	  	  has	  a	  mild	  dependence	  on	  the	  luminosity	  distance	  �C�

Rela4ve	  error	  on	  the	  NS	  compactness	  of	  the	  order	  of	  3-‐4%

The	  reduc4on	  on	  	  	  	  	  	  	  	  due	  to	  the	  inclusion	  of	  the	  cut-‐off	  frequency	  is	  marginal	  �C
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2H 100 120 8.8 3.0 2.9
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2H 2000 120 11 4.1 3.9
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2H 500 120 11 3.2 3.1
2H 1000 120 13 3.6 3.5
2H 2000 120 15 4.1 4.0

	  	  	  	  	  	  	  	  	  	  has	  a	  mild	  dependence	  on	  the	  luminosity	  distance	  �C�
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The	  reduc4on	  on	  	  	  	  	  	  	  	  due	  to	  the	  inclusion	  of	  the	  cut-‐off	  frequency	  is	  marginal	  

The	  use	  of	  	  	  	  	  	  	  	  	  	  does	  not	  significantly	  improve	  the	  es4mate	  of	  the	  
stellar	  compactness

fcut

�C



Results:	  strategy	  II

model �ln �̃ (%) �ln C(%)
2H 100 120 1.3 3.0
2H 500 120 5.3 3.2
2H 1000 120 8.2 3.4
2H 2000 120 10 3.6
2H 100 135 1.5 3.0
2H 500 135 6.1 3.2
2H 1000 135 9.5 3.4
2H 2000 135 12 3.7

�ln �̃(%)
1.3
6.0
10
15
1.5
6.7
11
17

The	  error	  on	  the	  NS	  compactness	  does	  not	  vary	  remarkably	  

The	  accuracy	  on	  the	  4dal	  deformability	  improves,	  with	  a	  reduc4on	  on	  	  	  	  	  	  	  	  	  	  of	  the	  
order	  of	  30%	  for	  more	  distant	  sources

��̃

CUnlike	  	  	  	  	  	  the	  error	  on	  	  	  	  	  	  has	  a	  large	  spread�

�Only



Adv	  Virgo/LIGO:	  NS-‐NS
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Adv	  Virgo/LIGO:	  BH-‐NS
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Adv LIGOêVirgo BH-NS q = 2 dL = 20 Mpc
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For	  BNS	  systems	  Adv	  detectors	  may	  constraint	  the	  EOS	  for	  low	  NS	  masses	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
and	  s4ff	  equa4on	  of	  state	  	  	  	  	  	  	  	  	  	  	  

. 1.5M�

For	  BH-‐NS	  binaries	  Adv	  detectors	  may	  gain	  informa4on	  on	  the	  NS	  composi4on	  
only	  for	  close	  sources

� C	  	  	  	  	  is	  a	  be`er	  indicator	  than



The	  Einstein	  Telescope:	  NS-‐NS
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The	  Einstein	  Telescope:	  NS-‐NS

ET	  can	  at	  iden2fy	  the	  class	  to	  which	  the	  NS	  equa2ons	  
of	  state	  belongs
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The	  Einstein	  Telescope:	  BH-‐NS
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Summary

Using	  	  	  	  	  	  	  	  	  to	  gain	  informa4on	  on	  the	  NS	  structurefcut

If	  the	  goal	  is	  to	  measure	  	  	  	  ,	  the	  cut-‐off	  frequency	  is	  ineffec4veC

Focusing	  on	  	  	  	  	  the	  error	  reduces	  up	  to	  30%	  for	  more	  distant	  sources�

Comparing	  	  	  	  	  and	  	  	  	  	  as	  EOS	  indicators� C

The	  4dal	  deformability	  is	  much	  be`er	  than	  the	  compactness

Adv	  detectors	  can	  set	  constraints	  on	  the	  EOS	  for	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Mpc	  
(NS-‐NS)

MNS . 1.5M� dL . 100

ET	  can	  dis4nguish	  the	  EOS	  up	  to	  the	  max	  observed	  NS	  mass	  and	  for	  larger	  distances	  
(NS-‐NS)

It	  seems	  unlike	  that	  BH-‐NS	  binaries	  can	  provide	  informa4on	  on	  the	  NS	  structure	  for	  
realis4c	  mass	  ra4o



Backup	  slides



The	  NS	  structure

⇢0 ' 2.67⇥ 1014g cm�3

(credits	  M.	  For4n)



The	  NS	  structure

Nuclei	  laSce	  within	  e-‐	  	  gas

⇢0 ' 2.67⇥ 1014g cm�3

(credits	  M.	  For4n)



The	  NS	  structure

⇢0 ' 2.67⇥ 1014g cm�3

Pasta	  phases

(credits	  M.	  For4n)



The	  NS	  structure

⇢0 ' 2.67⇥ 1014g cm�3

Nucleonic	  maHer	  in
	  	  	  	  	  	  	  	  equilibrium��

(credits	  M.	  For4n)



The	  NS	  structure

⇢0 ' 2.67⇥ 1014g cm�3

Phase	  transi2ons,	  
quark-‐gluon	  plasma	  ...

(credits	  M.	  For4n)



The	  NS	  structure

⇢0 ' 2.67⇥ 1014g cm�3

Phase	  transi2ons,	  
quark-‐gluon	  plasma	  ...

Constraints	  on	  strong	  interac2ons	  at	  
super-‐nuclear	  density

(credits	  M.	  For4n)



Tidal	  effects	  and	  the	  EOS

GWs	  from	  BH-‐NS	  binaries	  may	  constrain	  	  	  	  	  	  	  	  	  for	  AdVirgo/LIGO	  
with	  accuracy	  of	  10%	  -‐	  40%

RNS

B.Lackey	  et	  al.,	  PRD	  85,	  044061	  (2011)
J.Read	  et	  al.	  (2013)

	  	  	  	  An	  order	  of	  magnitude	  be`er	  in	  the	  accuracy	  for	  the	  Einstein	  Telescope

Already	   compe22ve	   with	   observa2ons	   of	   X-‐ray	   bursters	   and	   low-‐
mass	  X-‐ray	  binaries,	  allowing	  for	  measurement	  of �RNS/RNS & 10%

F.	  Ozel,	  Rept.	  Prog.	  Phys.	  76,	  016901	  (2013)

MCMC,	   Fisher	   Matrix,	   have	   shown	   that	   	   can	   be	   measured	   by	   Adv	  
Detectors	  

�
Del	  Pozzo	  et	  al.,	  PRL	  111,	  071101	  (2013)
Damour	  et	  al.,	  PRD	  85,	  123007	  	  (2012)



I �ove Q

Why	  do	  I-‐love-‐Q	  ?

	  	  	  	  	  	  	  	  	  	  	  	  	  	  depend	  the	  most	  on	  the	  NS	  structure	  near	  the	  crust,	  where	  realis4c	  EOS	  agreeI,Q,�

No-‐hair	  and	  strong	  equivalence	  principle	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Effacement	  principle	  in	  GR

When	  do	  I-‐love-‐Q	  ?

Measurement	  of	  one	  member	  of	  the	  trio	  provides	  informa4on	  about	  the	  other	  two

On	  a	  GW	  front	  they	  break	  the	  degeneracy	  between	  quadrupole	  moment	  and	  spins

Constrain the NS exterior properties

Test	  GR	  in	  strong	  field	  regime	  theory/EOS	  independent



I �ove Q


